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Abstract Corrosion-induced cracking of the concrete cover poses a serious problem for serviceability
of reinforced concrete structures. In the paper a new
analytical model for predicting cover cracking due to
corrosion of reinforcing steel is presented. In the
model, concrete around a corroding reinforcing bar is
considered as a thick-walled cylinder subjected to
uniform pressure at its inner surface, which represents expansion caused by corrosion products. The
pressure leads to formation of radial cracks near the
inner surface of the cylinder. In order to account for
it, the cylinder is divided into two parts—a partially
cracked inner cylinder and an uncracked outer one.
Cracks in the inner cylinder are taken into account by
gradually reducing its tangential stiffness along
the radial direction. The model ensures a consistent
stress-strain description within both inner and outer
cylinders and complete continuity of stresses and
strains on the boundary between the cylinders that
distinguish it from previously published analytical
models. The model is calibrated using available
experimental data and then employed to estimate
the amount of corrosion products penetrated into
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concrete pores before full cracking of the concrete
cover. Estimates obtained in the paper show that this
amount may be higher than has been assumed
previously.
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Corrosion  Reinforced concrete  Analytical model

1 Introduction
The main cause of deterioration of reinforced
concrete (RC) structures is corrosion of reinforcing
steel due to carbonation and/or chloride contamination of concrete (e.g., [1]). Usually, corrosioninduced concrete cover cracking, which affects the
normal performance of a RC structure, appears before
corrosion has any significant influence on the strength
of the structure [2]. At the same time, appearance of
corrosion-induced cracks on the surface of a RC
structure is the main visual indicator of the corrosion
presence in the structure. Thus, accurate prediction of
the time to corrosion-induced cracking is necessary
for estimating durability of new RC structures and
management of existing RC structures.
A variety of models have been proposed to predict
cracking of the concrete cover due to corrosion of
reinforcing steel, which can be broadly divided
into three groups: (i) empirical models (e.g., [3]),
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(ii) analytical models (e.g., [4–6]), and (iii) numerical
models (e.g., [7, 8]). One of the first numerical
studies of corrosion-induced cracking of the concrete
cover using two-dimensional finite element analysis
was undertaken by Molina et al. [7]. In the study
nonlinear constitutive behaviour of concrete, including cracking was described by the so-called smearedfixed-crack model with linear softening, while the
expansive nature of corrosion products was modelled
using thermal analogy. A nonlinear solution was
obtained using a modified Newton–Raphson algorithm. The study considered not only the initiation of
cracks in the concrete cover but also the following
crack propagation. Comparison of numerical results
with results of the tests performed by the authors
showed relatively poor agreement that was attributed
to diffusion of a part of the formed corrosion products
into the surrounding porous concrete [7].
Since the present article concentrates on analytical
modelling, only existing analytical models are
reviewed in more detail further in the article. A
new analytical model proposed by the authors is then
described. Like the previously proposed analytical
models, the model is based on a thick-walled cylinder
approach, in which the concrete surrounding a
corroding reinforcing bar is considered as a thickwalled hollow cylinder with the wall thickness equal
to that of the concrete cover. The corrosion-induced
load, which arises due to a larger volume of the
corrosion products compared to that of the consumed
steel, is represented by a uniform pressure applied to
the inner surface of the cylinder. The pressure leads
to formation of radial cracks near the inner surface of
the cylinder after which it is divided into two
cylinders—a cracked inner cylinder and an uncracked
outer one. Concrete in the outer cylinder is treated as
an isotropic linearly elastic material. Cracks in the
inner cylinder are considered as smeared and their
influence is taken into account by gradually reducing
the stiffness of concrete in the tangential direction of
the cylinder, which is described by a power function
of the radial coordinate; the stiffness in the radial
direction remains unchanged. Thus, concrete in the
inner cylinder is treated as an inhomogeneous
orthotropic linearly elastic material, whose constitutive behaviour is modelled based on anisotropic
elasticity [9]. The model ensures a consistent stressstrain description within both inner and outer cylinders
and complete continuity of stresses and strains on the
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boundary between the cylinders that distinguish it
from previously published analytical models.
The model is calibrated using available experimental data. It should be noted that results of
experiments involving actual corrosion of reinforcing
steel cannot be used for this purpose since corrosion
products diffuse through concrete pores and microcracks so that internal pressure acting on the
surrounding concrete cannot be estimated accurately.
In the paper a specific set of experimental data is
used, in which cracking of the concrete cover is
initiated by direct application of pressure within holes
made in concrete specimens [10]. It is shown that
results yielded by the model are in good agreement
with results of nonlinear finite element analysis. The
model is then employed to estimate the amount of
corrosion products diffused into concrete pores and
microcracks before the concrete cover cracking.
Estimates obtained in the paper show that this
amount may be higher than has been assumed
previously. Moreover, results presented in the paper
demonstrate that a currently used approach to model
the penetration of corrosion products into concrete
pores and cracks based on the assumption of a finitethickness ‘‘porous’’ zone around a reinforcing bar [5]
leads to physically incorrect results. Explanation of
why it happens is then provided and a new approach
to account for the penetration of corrosion products
into the surrounding concrete is proposed.

2 Critical review of existing analytical models
The first analytical model for prediction of corrosioninduced cracking of the concrete cover was proposed
by Bazant [4]. In the model, concrete surrounding a
corroding reinforcing bar is considered as a homogeneous linear elastic material. Expansion due to a
larger volume of corrosion products compared to that
of the lost steel is modelled by a uniform increase,
Dd, in the diameter of the cylindrical hole around the
reinforcing bar. Deformations of the corrosion products and the remaining steel are not taken into
account and Dd is found from
i W
ph
Wsteel
rust
ðd þ DdÞ2  d2 ¼

ð1Þ
4
qrust
qsteel
where Wrust and Wsteel are the masses of the corrosion
products and the lost steel per unit length of the
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reinforcing bar, respectively, and qrust and qsteel the
corrosion product and steel densities. Since Dd \\ d
Dd2 can be neglected, while Wsteel can be expressed
via Wrust as Wsteel = cWrust, where c is the ratio of the
molecular weight of iron to that of corrosion products, so that the following formula for Dd can be
derived from Eq. 1


2Wrust 1
c
Dd ¼

ð2Þ
pd qrust qsteel
To estimate Wrust at time t after corrosion initiation it
is assumed that the rate of rust production, Jrust, does
not change with time so that
Wrust ¼ Jrust t

ð3Þ

A relationship between the expansion Dd and the
pressure, P, caused by it, is found as the average of
two solutions of the classic Lamé problem—one for
a hollow thick-walled cylinder under plane stress
(e.g., [11])


d
d2
Dd ¼
1 þ mc þ
P
ð4Þ
Ec;ef
2cðc þ d Þ
and the other one for a circular cavity in an infinite
medium (obtained an asymptotic result from Eq. 4
when c ? ?)
Dd ¼

d
ð1 þ mc ÞP
Ec;ef

ð5Þ

where c is the thickness of the concrete cover, mc the
Poisson’s ratio of concrete, Ec,ef = Ec/(1 ? /)
the effective modulus of elasticity of concrete, Ec the
modulus of elasticity of the concrete at age of 28 days,
and / the concrete creep coefficient. It is assumed that
concrete cover cracking occurs after a long time since
corrosion initiation so that / = 2 corresponding to
time t = ? is adopted. The concrete cover is fully
cracked when the average tensile stress in it becomes
equal to the tensile strength of concrete, fct, that is
equivalent to assuming perfectly plastic behaviour of
the concrete before cracking. The average tensile stress
is estimated as the average tangential stress in the
cylinder wall so that the internal pressure causing the
concrete cover cracking, Pcr, equals
Pcr ¼

2cfct
d

ð6Þ

Thus, if Jrust, qrust, and c are known then the time
from corrosion initiation to full cracking of the
concrete cover (referred further as the time to crack
initiation) can be found by substituting Eqs. 2, 3 and
6 into the average of Eqs. 4 and 5.
However, comparison with experimental results
showed that the Bazant’s model [4] significantly
underestimated the time to crack initiation [5]. In
order to improve the agreement between analytical and
experimental results Liu and Weyers [5] suggested
modifications to the Bazant’s model. First, they
assumed that there was the so-called ‘‘porous’’ zone
of finite thickness around a reinforcing bar and
corrosion products accumulating around the bar did
not exert any pressure on the surrounding concrete
until they fully filled this zone. Note that since all
concrete is porous the term ‘‘porous’’ zone is not a
proper one in this context—it would be more correct to
call this zone as the corrosion product diffusion/deposit
zone; however, following Liu and Weyers [5] this term
has been used in a number of publications, thus, in
order to avoid confusion it is used in this paper as well.
Introducing this assumption Liu and Weyers intended
to account for the fact that part of corrosion products
diffused into concrete pores and microcracks and,
therefore, did not contribute to the pressure exerted on
the concrete; this was initially suggested by Molina
et al. [7] and then also observed in tests (e.g., [12]). As a
result, the thickness of the porous zone, d0, became one
of the main parameters of the model and the expansion
of concrete around a corroded reinforcing bar previously estimated by Eq. 2 was expressed as


2Wrust 1
c
Dd ¼

ð7Þ
 2d0
pd qrust qsteel
Second, only Eq. 4—the solution for a thick-walled
cylinder (Fig. 1a), was used to establish the relationship between the expansion Dd and the corresponding
pressure P (and not the average of Eqs. 4 and 5).
Third, it was assumed that the rate of rust production,
Jrust, was not constant but inversely proportional to
the amount of corrosion products and, hence,
decreased with time. This led to the following
relationship between the time to crack initiation, tcr,
and the critical mass of corrosion products causing
cracking, Wrust,cr
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Fig. 1 Thick-walled
cylinder model: a uniform
cylinder; b partially cracked
(composite) cylinder
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(a)
2
Wrust;cr
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where kp had to be a time-invariant constant. Wrust,cr
was found from Eqs. 4, 6 and 7, while for kp Liu and
Weyers [5] proposed an incorrect formula, which
violated Faraday’s law of electrolysis (see [13] for
more detailed explanation).
El Maaddawy and Soudki [14] noted that the use
of the assumption about the rate of rust production
decreasing with time led to underestimation of the
mass of lost steel observed in accelerated corrosion
tests (it is expected since in such tests the rate of rust
production is constant). In their paper the rate of rust
production was set constant and expressed via the
corrosion current density, icorr, using Faraday’s
law as
M pd
icorr
zF c

25

ð8Þ

uniform cylinder model
FE analysis
20

Internal pressure (MPa)

tcr ¼

(b)

c/d = 3.75
15

10

c/d = 2.0

5

0

c/d = 0.75
0

0.005

0.01

0.015

0.02

Internal radial diaplacement (mm)

ð9Þ

Fig. 2 Internal pressure versus internal radial displacements in
the thick-walled concrete cylinder

where M the molar mass of iron (55.85 g/mol), z the
valence of the reaction (2 for Fe ? Fe2??2e-), F
Faraday’s constant (96458 C/mol), and icorr the
corrosion current density. Thus, tcr was estimated as

model employed in ABAQUS can be found in [16].
The analyses were carried out for d = 16 mm,
fct = 3 MPa, Ec,ef = 15,600 MPa, and mc = 0.2. As
expected, differences between results of the thickwalled cylinder model and the non-linear FE analysis
increase with an increase in the c/d ratio (see Fig. 2).
This limitation can be overcome by partition of the
cylinder into two parts: a cracked inner cylinder and
an uncracked outer one (Fig. 1b). The idea was
originally proposed by Tepfers [17] to model cover
cracking due to bond stresses developing between a
deformed reinforcing bar and the surrounding concrete. In the Tepfers solution resistance of concrete in
the inner cylinder in the tangential direction normal
to cracks (i.e., tension softening) was completely
neglected so that the cylinder transferred only radial
stresses. A number of researchers have tried to
improve the Tepfers solution by taking into account

Jrust ¼

tcr ¼

Wrust;cr
Jrust

ð10Þ

where Wrust,cr was found like in [5] from Eqs. 4, 6
and 7.
A limitation of the thick-walled uniform cylinder
model described above is its inability to account for
non-linear behaviour of concrete, which takes place
when radial cracks start to form near the inner surface
of the cylinder. This is demonstrated by Fig. 2, which
shows relationships between the internal pressure and
the radial displacements on the inner surface yielded
by the model and by non-linear finite element (FE)
analysis with ABAQUS [15]; description of the FE
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tension softening; in this review only the works
directly related to modelling cover cracking due to
corrosion will be mentioned. Wang and Liu [18]
treated cracks in the inner cylinder as smeared (the
approach which was adopted in all the models
considered further in the review) and described
tension softening by a bi-linear stress-strain relationship from CEB-FIP Model Code 1990 [19]. However,
in order to calculate the tangential stresses in the
inner cylinder they used the displacement field found
from a linear elastic solution for a thick-walled
uniform cylinder (as was originally proposed in [20])
that was clearly inconsistent.
Another approach was used by Bhargava et al.
[21], who suggested to consider concrete in the inner
cracked cylinder as an isotropic linearly elastic
material with a reduced modulus of elasticity compared to that of the outer cylinder. The reduced
modulus of elasticity was defined as the secant slope
of the branches of the bi-linear tension softening
relationship from [19]. The time to crack initiation
was found from solution of a thick-walled composite
cylinder made from two isotropic linearly elastic
materials with different moduli of elasticity, which
was subject to internal pressure. Obviously, full
compatibility of both stresses and strains, which
exists on the boundary between the inner cracked and
the outer uncracked parts of a concrete cylinder,
cannot be achieved in the model on the boundary
between the two materials. In [21] only stress
compatibility was ensured. Another shortcoming of
the model proposed by Bhargava et al. [21] is treating
cracked concrete in the inner cylinder as an isotropic
material, while in reality stiffness of the concrete in
the radial direction parallel to cracks is significantly
higher than that in the radial direction normal to
cracks (i.e., the modulus of elasticity in the radial
direction was unjustly reduced).
The anisotropy of cracked concrete was taken into
account by Li et al. [6], who modelled concrete in the
inner cracked cylinder as an orthotropic material with
the modulus of elasticity reduced only in the tangential direction normal to cracks (the modulus of
elasticity in the radial direction remained unchanged
and was equal to that in the outer uncracked
cylinder). Although it was noted in the paper [6] that
the tangential stiffness of the inner cylinder had to be
a function of the radial coordinate, it was represented
by a single value estimated on the basis of the
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average tangential strain. Thus, compatibility of both
stresses and strains on the boundary between the two
cylinders was not provided as well. This problem was
resolved by Pantazopoulou and Papoulia [22], who
took into account that the tangential stiffness of
concrete in the inner cylinder changed gradually
depending on the radial coordinate and the corresponding tangential strain. However, they were not
able to find an analytical solution and solved the
problem numerically by a finite-difference method.
It is also important to note that following Bazant
[4] all the above mentioned models have used plane
stress solutions. However, it is only correct for an
internally pressurised hollow cylinder with free ends,
while the concrete cylinder around a reinforcing bar
is actually within the bulk concrete of a RC element,
which prevents free deformation in the direction of
the cylinder axis. Under such conditions, the use of a
plane strain formulation is more correct.

3 Model description
Like the models reviewed above, the proposed model
treats concrete around a corroding reinforcing bar as
a thick-walled cylinder with the wall thickness equal
to that of the concrete cover. In order to account for
non-linear behaviour of concrete after partial cracking the cylinder is divided into two parts—an inner
cylinder with cracks in the radial direction and an
outer uncracked one (see Fig. 1b). Cracks in the inner
cylinder are considered as smeared and the cylinder is
subjected either to uniform pressure or imposed radial
displacements at its inner surface. This means that the
problem is axisymmetric so that the only displacement component is the radial displacement, u, which
is a function of the radial coordinate, r, i.e., u = u(r).
If body forces are zero, the equilibrium equation for
both inner and outer cylinders can then be written as
drr rr  rh
þ
¼0
dr
r

ð11Þ

where rr and rh are the radial and tangential stresses,
respectively. Strain-displacements relationships are
er ¼

du
;
dr

eh ¼

u
r

ð12Þ

where er and eh are the radial and tangential strains,
respectively.
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3.1 Inner cylinder

Since Eq. 13 does not take into account that in the
cracked part the Poisson’s ratio, mc, has different
values in the radial and tangential direction, values
yielded by it should be considered only as rough
estimates of the secant stiffness, which are presented
here only to illustrate anisotropy of the cracked
concrete. The calculated values of Er,sec and Eh,sec
normalised to Ec,ef are shown in Fig. 3 versus the
normalised radial coordinate, (r/R2). As can be seen,
the stiffness of concrete in the radial direction
remains practically unchanged, while in the tangential direction it decreases significantly and can be
described by a smooth function of the radial
coordinate.
Thus, concrete in the inner cylinder is modelled as
an inhomogeneous orthotropic linearly elastic material with the modulus of elasticity in the tangential

Normalised modulus of elasticity

The inner cylinder (i.e., the cracked part of the
composite thick-walled cylinder) extends from
r = R1 to r = Rc (see Fig. 1b). There is strong
anisotropy in the behaviour of concrete in the
cylinder due to radial cracks. Therefore, if in an
analytical model the concrete is modelled as a
linearly elastic material (which is a typical approach
for thick-walled cylinder models) it is essential to
take the anisotropy into account. In order to
demonstrate the effect of the anisotropy, residual
stiffness of concrete in both radial and tangential
directions is estimated in a partially cracked thickwalled cylinder (d = 16 mm, c = 50 mm, Ec,ef =
15 600 MPa, fct = 3 MPa) loaded by internal
pressure P = 10.5 MPa. For this purpose, non-linear
FE analysis of the cylinder is carried out using the
model described in [16]. Based on results of the
analysis average strains and stresses over the
circumferences located between R1 and R2 (which
are the internal and external radii of the thick-walled
cylinder, respectively, see Fig. 1b) are calculated in
both radial (er,av and rr,av) and tangential (eh,av and
rh,av) directions. The residual stiffnesses in the
radial and the tangential directions (denoted as Er,sec
and Eh,sec, respectively) are estimated as secant
values


ð 1  mc Þ 2
mc
ErðhÞ;sec ¼
rrðhÞ;av 
rhðrÞ;av
ð13Þ
erðhÞ;av
1  mc

1.2
1
0.8
0.6
0.4
0.2
tangential direction
radial direction
0

0

0.2

0.4

0.6

0.8

1

Normalised radial coordinate (r/R )
2

Fig. 3 Residual stiffness of partially cracked thick-walled
concrete cylinder (FE analysis)

direction, Eh, being a power function of the radial
coordinate
 n
r
Eh ðr Þ ¼ Ec;ef f ðr Þ ¼ Ec;ef
ð14Þ
Rc
where Rc is the radius of the inner cylinder (see
Fig. 1b) and n a non-negative real number. The
moduli of elasticity in the radial, Er, and the cylinder
axis, Ez, directions are constant and equal to the
modulus of elasticity of uncracked concrete, i.e.,
Er = Ez = Ec,ef. Generalised Hook’s law in this case
of cylindrical anisotropy can be expressed as [9]
1
mhr
mzr
rr  rh  rz
Er
Eh
Ez
mrh
1
mzh
eh ¼  rr þ rh  rz
Eh
Er
Ez
mrz
mhz
1
ez ¼  rr  rh þ rz
Ez
Er
Eh
er ¼

ð15Þ

where ez and rz are strains and stresses in the cylinder
axis direction, and m’s denote the Poisson’s ratios.
Taking into account the symmetry requirements [9]
Er mhr ¼ Eh mrh ;

Ez mhz ¼ Eh mzh ;

Ez mrz ¼ Er mzr
ð16Þ

it can be shown that

Materials and Structures (2010) 43:543–556

549

mrh ¼ mzh ¼ mzr ¼ mrz ¼ mc ; mhr ¼ mhz ¼ mc f ðr Þ

ð17Þ

For the plane strain formulation considered herein
ez = 0 that leads to
rz ¼ mc ðrr þ rh Þ

ð18Þ

From Eqs. 15, 17 and 18 the radial, rðriÞ ; and the
ðiÞ
tangential, rh ; stresses in the inner cylinder can be
expressed as


Ec;ef
1  m2c f ðr ÞduðiÞ
uðiÞ
ðiÞ
rr ¼
þ mc f ðrÞ
1  mc  2m2c f ðr Þ 1 þ mc dr
r
ð19Þ
ðiÞ

rh ¼




ðiÞ

ð1  mc Þf ðr ÞEc;ef
mc duðiÞ u
þ
1  mc  2m2c f ðr Þ 1  mc dr
r

ð20Þ

where u(i) is the radial displacement in the inner
cylinder. By substituting Eqs. 19 and 20 into Eq. 11
the following differential equation is obtained
h
i
2 df ðrÞ
2
2 ðiÞ
1

m
r
þ
f
ð
r
Þ
c
dr
1  mc f ðr Þd u
1duðiÞ
þ
1 þ mc
1 þ mc dr 2
r dr

 ðiÞ
ð21Þ
df ðr Þ 1  mc
u

f ðr Þ 2
þ mc r
dr
mc
r
 2 3 4
þ HOT vc ; mc ; mc ¼ 0
where HOT(.,.,.) denotes the higher order terms,
which include 2nd-, 3rd- and 4th-order terms of the
Poisson’s ratio


HOT m2c ; m3c ; v4c


2m2c
df ðr Þ 1  m2c f ðr Þdu
u
þ mc f ð r Þ
¼
1 þ mc dr
r
1  mc  2m2c f ðr Þ dr
ð22Þ
If to neglect the higher order terms, the solution of
Eq. 21 can be presented as
ðiÞ

k1 n

u ðr Þ ¼ C1 r
F ðk1 ; k1 ; 2k1 ; wÞ
k2 n
þ C2 r
F ðk2 ; k2 ; 2k2 ; wÞ

ð23Þ

where F(.,.;.;.) is the hypergeometric function [23],
C1 and C2 are the constants, and k1, k2 and w are
given by the following formulas
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nmc  4 þ v2c ðn þ 2Þ2 þ4nmc
k1ð2Þ ¼
;
ð24Þ
 n 2nvc
1 r
w¼ 2
m c Rc

The appropriateness of neglecting the higher order
terms has been examined by substituting the solution (Eq. 23) into Eq. 22 for various values of the
relevant geometric and material parameters; very
small values (of order of 10-7) of HOT(.,.,.) have
been obtained.
3.2 Outer cylinder
The outer cylinder (i.e., the uncracked part of the
composite cylinder) corresponds to Rc B r B R2 (see
Fig. 1b). Concrete in the cylinder is treated as an
isotropic linearly elastic material with the modulus of
elasticity Ec,ef and Poisson’s ratio mc. The problem—a
hollow thick-walled cylinder subjected to internal
pressure, is well known in linear elasticity (e.g., [11]).
In the case of the plane strain formulation the radial,
ðoÞ
rðroÞ ; and the tangential, rh ; stresses in the outer
cylinder can be expressed via the radial displacement as


Ec;ef
duðoÞ
uðoÞ
ðoÞ
rr ¼
þ mc
ð 1  mc Þ
ð1 þ mc Þð1  2mc Þ
dr
r
ð25Þ
ðoÞ

rh ¼




ðoÞ

Ec;ef
uðoÞ
du
þ mc
ð 1  mc Þ
ð1 þ mc Þð1  2mc Þ
dr
dr

ð26Þ
where u(o) is the radial displacement in the outer
cylinder. Substitution of Eqs. 25 and 26 into Eq. 11
leads to the following differential equation
d2 uðoÞ 1duðoÞ u
 2¼0
þ
r dr
r
dr 2

ð27Þ

whose solution is
r
1
uðoÞ ðr Þ ¼ C3 þ C4
2
r

ð28Þ

where C3 and C4 are the constants.

3.3 Boundary and compatibility conditions
To find the four constants C1, C2, C3, and C4 four
boundary and compatibility (on the boundary
between the two cylinders) conditions are needed.
Since the outer surface (i.e., at r = R2, see Fig. 1b) is
traction-free the boundary condition for it is
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rðoÞ
r ðr ¼ R2 Þ ¼ 0

ð29Þ

There are also three compatibility conditions on the
boundary between the two cylinders (i.e., at r = Rc,
see Fig. 1b)
uðiÞ ðr ¼ Rc Þ ¼ uðoÞ ðr ¼ Rc Þ

ð30Þ

ðoÞ
rðiÞ
r ð r ¼ Rc Þ ¼ r r ð r ¼ R c Þ

ð31Þ

ðiÞ

ðoÞ

rh ðr ¼ Rc Þ ¼ rh ðr ¼ Rc Þ ¼ f ct

ð32Þ

The first and the second conditions (Eqs. 30 and 31)
represent the requirement of continuity of the radial
displacement and stress, respectively, while the third
condition (Eq. 32) states that the tangential stress on
the boundary equals the tensile strength of concrete.
These three conditions ensure full compatibilty of
both stresses and strains on the boundary between the
two cylinders.
The radius of the inner cylinder Rc (i.e., the
location of crack front) is unknown as well as
boundary conditions on the inner surface (i.e., at
r = R1, see Fig. 1b). The aim is to determine these
boundary conditions, i.e., the internal pressure and
the corresponding radial displacement, at which full
cracking of the cylinder wall occurs. A procedure for
solving this problem and then estimating the time to
crack initiation is described in the next section.
3.4 Solution procedure
In order to estimate the time to crack initiation using
the proposed model the following steps need to be
carried out:
–
–

–

Value of Rc are incrementally increased from R1
to R2.
For each value of Rc the problem is solved (i.e.,
the constants C1, C2, C3, and C4 are found from
Eqs. 29–32), and then values of the radial
displacement on the inner surface d ¼
uðiÞ ðr ¼ R1 Þ and the internal pressure P ¼
rðriÞ ðr ¼ R1 Þ are calculated by Eqs. 23 and 19,
respectively.
From the calculated values of P the maximum
one is selected. This is the internal pressure,
which causes full cracking of the cylinder wall,
i.e., Pcr. The corresponding values of Rc and d are
denoted as Rc,cr and dcr, respectively. Note that
lcr,st = Rc,cr - R1 represents the maximum stable

–

radial crack length since longer cracks could only
be stable at internal pressures lower than Pcr, i.e.,
at Pcr the radial cracks should propagate through
an uncracked outer part of the cylinder wall.
To account for the penetration of part of corrosion
products into concrete pores and microcracks the
equivalent thickness, dd, representing this part of
the corrosion products is introduced. Note that
introducing dd is not equivalent to the assumption
of Liu and Weyers [5] about the ‘‘porous’’ zone of
finite thickness d0. The equivalent thickness, dd,
represents all the corrosion products diffused into
the surrounding concrete over the period from
corrosion initiation to cover cracking and may
increase constantly as a function of time, while
according to the assumption about the ‘‘porous’’
zone d0 should be a constant value, i.e., after the
‘‘porous’’ zone has been filled no further diffusion
of the corrosion products into the surrounding
concrete is possible. If the corrosion rate is
constant then the time to crack initiation (in
years) can be estimated based on Faraday’s law as
tcr ¼

dcr þ dd
11:6icorr ðav  1Þ

ð33Þ

where av is the volumetric expansion ratio of
corrosion products, icorr is in lA/cm2, and dcr and
dd are in lm.
Thus, for the calculation of tcr values of icorr, av,
dcr and dd need to be known. The prediction of icorr is
not considered herein; av can be set equal to three
based on available experimental data [24, 25]; the
evaluation of dd is described further in the paper; and
the calculation of dcr using the proposed model is
illustrated by the following example. A RC concrete
member with the following properties: d = 16 mm,
c = 50 mm, Ec,ef = 15,600 MPa and fct = 3 MPa, is
considered. According to the model, dcr is found from
the analysis of a thick-walled cylinder with
R1 = 8 mm and R2 = 58 mm (see Fig. 1b) using
the procedure described above. Figure 4 shows the
relationship between the internal pressure and Rc for
the cylinder; the calculations are carried out with
mc = 0.2 and n = 2. As can be seen, the maximum
pressure 13.28 MPa is obtained for the radius of the
inner cylinder of 39.9 mm (i.e., Pcr = 13.28 MPa
and Rc,cr = 39.9 mm) and it corresponds to
dcr = 17.65 lm (not shown in Fig. 4). It should be
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Fig. 4 Internal pressure versus the radius of the inner cracked
cylinder

noted that in this example the value of n has simply
been assumed for illustrative purpose, its proper
evaluation is described in the next section.

4 Model calibration
In order to use the proposed model it should be
calibrated, i.e., values of the two parameters—the
exponent n of the power function describing the
change of the modulus of elasticity with the inner
cylinder (see Eq. 14) and the equivalent thickness dd
representing the amount of corrosion products diffused into the surrounding concrete (see Eq. 33),
need to be determined using available experimental
data.
4.1 Estimation of the exponent n
It is desirable to estimate n independently of dd.
Results of tests involving actual corrosion of reinforcing steel are unsuitable for this purpose since a
part of forming corrosion products penetrates into
concrete pores and microcracks so that expansion
(i.e., imposed radial displacements) or pressure
around a corroding reinforcing bar cannot be estimated accurately. In the study the model is calibrated
using results of the tests carried out by Williamson

and Clark [10], in which cracking of the concrete
cover was caused by controlled pressure applied
within cylindrical holes made in concrete specimens—150-mm cubes (the pressure was provided by
a hydraulic jack through soft PVC tubes inserted into
the holes). Parameters varied in the tests include the
diameter of the holes (8 and 16 mm), the thickness of
the concrete cover (4, 8 and 16 mm), the aggregate
size (5 and 10 mm for 8-mm diameter holes, and 10
and 19 mm for 16-mm diameter holes), the hole
location (at the corner or in the middle of the side of
the specimens), and concrete strength (three different
concrete mixes were used with the splitting tensile
strength varied from 2.2 MPa to 4.1 MPa). Values of
n, which provide perfect agreement between the
model predictions and the test results, are shown in
Fig. 5a versus the splitting tensile strength of concrete, fct. There is an increase in n with increasing fct
which can be described by an exponential function,
whose coefficients are found by a regression analysis
(see Fig. 5a). It should be noted that the relationship
between n and fct has rather poor correlation with test
data (R2 = 0.3948), which clearly indicates that more
test data are needed to properly calibrate the model.
Figure 5b shows the corresponding values of the
maximum stable crack length normalised to the
thickness of the concrete cover, i.e., lcr,st/c (%). As
can be seen, the maximum stable crack length
decreases as the concrete strength increases; this
tendency is also indicated by the linear regression
shown in Fig. 5b. This shows that the model reflects
correctly the well-known phenomenon that with
increasing strength concrete becomes more brittle.
The distribution of the tangential stress, rh, within
the inner cylinder depends strongly on n. Obviously,
it is not sufficient merely to require that rh equals the
tensile strength of concrete, fct, on the boundary with
the outer cylinder, i.e., at r = Rc. It is also necessary
to ensure that rh does not exceed fct anywhere within
the inner cylinder. Moreover, it is also desirable to
obtain a gradual increase of rh when the radial
coordinate increases from R1 to Rc since this is
expected from a physical point of view. These
conditions impose a limit on the value of n.
Numerical studies have showed that n should not be
less than 1.5. Figure 6, which presents distributions
of rh at P = Pcr for different values of n, illustrates
this point. It also shows that Rc,cr and, subsequently,
the maximum stable radial crack length decrease with
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increasing n (i.e., an increase in n leads to more
brittle behaviour). The results are obtained for
d = 16 mm, c = 50 mm, Ec,ef = 15,600 MPa, and
fct = 3 MPa. However, the shape of the rh-distribution within the inner cylinder wall does not depend on
Ec,ef, fct or c/d, thus, 1.5 can be used as the lower limit
of n for other values of these parameters as well. It
may be noted that Fig. 6 only demonstrates that the
lower limit of n should be between 1.4 and 1.5.
However, the benefit of obtaining a more accurate
estimate of this limit is negligible since the difference

Of course, this is a tentative recommendation since
the test-based estimates of n are widely scattered
(Fig. 5a) and more experimental data are needed to
obtain a better estimate of n.
Comparison of values of the critical pressure
yielded by the model with those obtained by FE
analysis and the thick-walled uniform cylinder model
is shown in Fig. 7 (the analyses have been carried out
with Ec,ef = 15,600 MPa and fct = 3 MPa). As can
be seen, for the c/d ratios of 0.75 and higher, the
results of the proposed model (with n between 1.5
and 3) are much closer to the results of the FE
analysis than those of the thick-walled uniform
cylinder model.
4.2 Estimation of the amount of diffused
corrosion products
The other parameter, which is needed for evaluation
of the time to crack initiation, is the amount of
corrosion products penetrating into concrete pores
and microcracks. Currently, this amount is usually
represented by the thickness of the ‘‘porous’’ zone,
d0, as was initially proposed by Liu and Weyers [5].
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shows that existing estimates of d0 are contradictive
and at least partly based on incorrect assumptions.
As noted above (see Eq. 33), in this study the
amount of corrosion products diffused into the
surrounding concrete is represented by the equivalent
thickness dd. This means that no assumption about
the diffusion of corrosion products is initially made,
i.e., the corrosion products can diffuse either only at
the beginning of the corrosion process until they fully
fill the finite-thickness ‘‘porous’’ zone or constantly
over time. The equivalent thickness is estimated
indirectly using the approach proposed by Liu and
Weyers [5] as the difference between test results and
analytical results yielded by the proposed model

30

cr
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uniform cylinder model
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Fig. 7 Comparison of the proposed model with the thickwalled uniform cylinder model and FE analysis

They also suggested to estimate d0 indirectly by
fitting the times to crack initiation predicted analytically to those observed in tests. Using this approach,
their own experimental data, and their incorrect
model (see [13]) Liu and Weyers [5] estimated that d0
was 12.5 lm. Petre-Lasar [26] investigated the concrete—rebar interface using a scanning electron
microscope. Based on this study he proposed a
formula relating d0 with the thickness of the concreterebar interface (set as 40 lm), the degree of hydration, and the water–cement ratio. According to the
formula, d0 varies between 2 lm and 8 lm depending on the values of the degree of hydration and the
water–cement ratio. El Maaddawy and Soudki [14]
considered d0 in the range of 10–20 lm and reported
a good agreement between analytical results obtained
using the thick-walled uniform cylinder model and
results of accelerated corrosion tests. However, in
their analysis they significantly underestimated the
effective modulus of elasticity of concrete by
assuming that the concrete creep coefficient
/ = 2.35 (the value recommended by the CSA
Standard A23.3-94 [27] for t = ?). This assumption
was incorrect since in all the accelerated corrosion
tests considered in their study cracking occurred
within 11 days after corrosion initiation (except of
one, in which it was observed after 110 days), i.e., /
was close to zero and Ec,ef & Ec. This brief overview

dd ¼ dcr;exp  dcr

ð35Þ

where dcr,exp is the total expansion of corrosion
products in a test at the time of cover cracking, while
dcr is the radial displacement at the inner surface of
the thick-walled cylinder causing its wall cracking,
which is found analytically (see Sect. 3.4) with data
from the test specimen. Results of a number of
accelerated corrosion tests [3, 25, 28–32] are used.
Since in the tests the corrosion current density is
known and constant dcr,exp (in lm) can be evaluated
as
dcr;exp ¼ 11:6icorr tcr;exp ðav  1Þ

ð36Þ

where tcr,exp is the time of cover cracking in the test
(in years). In the calculations the volumetric expansion ratio of corrosion products is set equal to three
(av = 3). It is also important to note that in the
calculations the effective modulus of elasticity of
concrete is evaluated using values of / corresponding
to tcr,exp; the values are estimated in accordance to
CEB-FIP Model Code [19].
Obtained values of dd versus the compressive
strength of concrete, fc, are shown in Fig. 8a. The
compressive strength has been chosen for this graph
since this is one of the main parameters characterising concrete properties (e.g., it is strongly correlated
with the water–cement ratio, tensile strength and
modulus of elasticity of concrete) and its values are
provided in the description of all the tests [3, 25,
28–32] used in this study. As can be seen, in many
cases the values of dd are much greater than 20 lm
(the average value of dd is 28.7 lm). It can also be
observed that dd shows a tendency to increase with an
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corresponding decrease in the water–cement ratio.
Second, while there is no clear correlation between d0
and concrete properties, there is a very strong linear
correlation between d0 and tcr. The most plausible
explanation of these contradictions is that the
assumption that corrosion products diffuse into the
surrounding concrete only until they fully fill a finitethickness ‘‘porous’’ zone is incorrect. Although a thin
high-porosity zone exists at the concrete-reinforcing
bar interface (its thickness may be between 2 and
8 lm as measured by Petre-Lazar [26]) corrosion
products diffuse into the surrounding concrete constantly over time and not only until they fully fill this
zone. This explains the strong linear correlation
between dd and tcr and is also supported by experimental observations, when corrosion products were
detected in concrete pores several millimetres (or
even centimetres) away from the corroded steel
surface [12, 33].
It is also observed that the ratio of dd to dcr,exp, i.e.,
the amount of corrosion products diffused into the
surrounding concrete to the total amount of the
corrosion products formed by the time of cover
cracking, does not depend on tcr (see Fig. 9). Based
on this observation it is proposed to account for the
diffusion of corrosion products into the surrounding
concrete by assuming that this ratio, denoted further
as g, is a time-independent constant. Since (dcr ? dd)
in Eq. 33 represents the total amount of the corrosion
products formed by the time of cover cracking and
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Time to crack initiation,t (years)
cr

0.8

increase in fc. Figure 8b shows dd versus the time to
crack initiation; there is a strong linear correlation
between dd and tcr, i.e., dd increases linearly with an
increase in tcr. If to consider these results in the
context of the assumption about the finite-thickness
‘‘porous’’ zone (i.e., d0 = dd) there are major contradictions. First, the results indicate that the thickness of the ‘‘porous’’ zone increases with an increase
in fc (Fig. 8a), while it is expected that concrete
porosity decreases with an increase in fc and the
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Fig. 8 Equivalent thickness representing the diffused corrosion products versus: a compressive strength of concrete;
b time to crack initiation
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g = dd/(dcr ? dd), it can easily be shown that
(dcr ? dd) equals dcr/(1–g). Substituting the latter
formula into Eq. 33 the following expression for
evaluation of the time to crack initiation (in years) is
obtained
tcr ¼

dcr
11:6icorr ðav  1Þð1  gÞ

ð37Þ

where icorr is in lA/cm2 and dcr in lm.
According to the results in Fig. 9, which have been
obtained using data from accelerated corrosion tests
with impressed current, the average value of g equals
0.68. Based on data from corrosion tests in natural
conditions [5] a slightly higher average value of g of
0.73 has been found. Thus, it is tentatively recommended to set g equal to 0.70. Figure 10 shows
comparison of the times to crack initiation predicted
using the proposed model (i.e., Eq. 37), in which dcr
is calculated in accordance to the procedure described
in Sect. 3.4) to those observed in accelerated corrosion tests [3, 25, 28–32]. Values of the predicted
times are given along the vertical axis while those
observed in the tests—along the horizontal one; thus,
in the case of perfect prediction the point should lie
on the line bisecting the positive quarter of the
coordinate system. As can be seen, a good agreement
between the analytical and test results is observed.
However, further experimental studies of corrosioninduced cover cracking, especially those involving
natural corrosion, are needed.
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0
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0.06

Experimental time to crack initiation (years)
Fig. 10 Comparison of analytical and experimental results

5 Conclusions
In the paper a critical overview of existing analytical
models for concrete cover cracking due to corrosion
of reinforcing steel has been presented. Shortcomings
and inconsistencies of the models have been discussed. A new theoretically sound and consistent
analytical model have been presented. The model has
been calibrated using available experimental data.
The model has been used to estimate the amount of
corrosion products diffused into the surrounding
concrete. It has been shown that this amount may
be higher than has been previously assumed and the
assumption that corrosion products diffuse into
the surrounding concrete only until they fully fill
the ‘‘porous’’ zone leads to physically meaningless
results. A new approach to account for the diffusion
of corrosion products into the surrounding concrete
has been proposed. Comparison of the times to crack
initiation obtained using the proposed model with
those observed in accelerated corrosion tests has been
presented with a good agreement observed.
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