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Abstract Hyperelasticity with energy limiters is
used to model high-velocity penetration in a sheet
of natural rubber. Particularly, the Yeoh strain energy
function is replaced with a modified expression, which
sets a limit for the energy that can be accumulated
during deformation. The material constants controlling
failure are fitted to the tension tests. The modified strain
energy function is plugged in ABAQUS for the threedimensional explicit analysis of the edge penetration
of a stiff elastic projectile into a thin sheet of the natural rubber and the time history of the failure process is
tracked.
Keywords Elasticity · Energy limiters · Dynamic ·
Failure · Rubber · Penetration

1 Introduction
Traditional hyperelastic models of materials impose
the so-called growth conditions on the strain energy
function, which implies the unlimited increase of the
energy with the strain increase. The growth conditions
ignore the fact that no material can sustain large enough
strains without failure. Evidently, a description of the
bulk failure should be a part of the constitutive theories.
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Such theories were pioneered by Kachanov (1958)
and Rabotnov (1963) and they appear by name of
Continuum Damage Mechanics (CDM) in the modern
literature. Originally, CDM was invented to analyze the
gradual failure accumulation and propagation in creep
and fatigue. The latter explains why CDM is similar
to plasticity theories including (a) the internal damage variable (inelastic strain), (b) the critical threshold
condition (yield surface), and (c) the damage evolution
equation (flow rule). The subsequent development of
the formalism of CDM (Lemaitre and Desmorat 2005)
left its physical origin well behind the mathematical
and computational techniques and led to the use of
CDM for the description of any bulk failure (Kachanov
1994). Unfortunately, it is impossible to measure the
damage parameter directly and the experimental calibration should be implicit and include both the damage
evolution equation and criticality condition.
A physically motivated alternative to the continuum
damage mechanics in the cases of failure related with
the bond rupture called Virtual Internal Bond (VIB)
method was introduced by Gao and Klein (1998) and
Klein and Gao (1998). VIB is a multiscale method
where different length scales are mixed. Another multiscale model is due to Dal and Kaliske (2009) who
included a possible rupture of polymer chains into
the constitutive description of rubbers. Of course, a
direct appeal to the material structure is very attractive. It should not be missed, however, that the transition from the smaller to larger length scales is always
related to an averaging procedure which presumes,
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often implicitly, additional assumptions concerning the
macroscopic behavior of material that can be revealed
in the macroscopic experiments only. Besides, the multiscale link is usually computationally involved what
limits its applications to the analysis of bulk failure.
A very simple alternative to CDM and multiscale
methods was developed by Volokh (2004, 2007, 2008,
2010)) and Volokh and Trapper (2008), who introduced
the energy limiters in the expression of the strain energy. The energy limiters enforce the limit point on the
stress-strain curve separating intact and failure behaviors of the bulk analogously to the bond energy of
atomic interactions. The developed approach was used
in various problems concerning prediction of the failure initiation in materials and structures. In the present work the approach of energy limiters is used for
modeling dynamic failure propagation. Particularly, the
Yeoh strain energy function is replaced with a modified expression, which sets a limit for the energy that
can be accumulated during deformation. The material
constants controlling failure are fitted to uniaxial and
biaxial tension tests. The modified strain energy function is plugged in ABAQUS for the three-dimensional
explicit analysis of the edge penetration of a stiff elastoplastic projectile into a thin sheet of the natural rubber
and the time history of the failure process is tracked.
The paper is organized as follows. A short review of
the elasticity with energy limiters is given in Sect. 2.
The modified Yeoh model for modeling failure of the
natural rubber is described in Sect. 3. The finite element
simulations of the projectile penetration into a thin rubber sheet are presented in Sect. 4. A brief discussion of
the obtained results appears in Sect. 5.

choose the Lennard-Jones potential, for example, ϕ =
4ε[(σ/l)12 − (σ/l)6 ], where ε and σ are the bond
energy and length constants accordingly. By direct
computation we can find the energy limiter or the failure
energy, . Indeed, increasing deformation we cannot
increase the energy unlimitedly
ψ(F → ∞) = −ϕ0 =  = constant.

(2)

Analogously to the case of the pair interaction it is
possible to consider particle assemblies. Assuming the
applicability of continuum mechanics to the description of such assemblies, i.e. using the Cauchy-Born
rule, it is possible to derive the following stored energy
function analogously to (1)
ψ(C) = ϕ(C) − ϕ0 , ϕ0 = min ϕ(C = 1). (3)
L

Here C = FT F is the right Cauchy-Green deformation tensor where F = ∂y/∂x is the deformation gradient of a generic material macro-particle
of body  occupying position x at the reference
state and position y(x) at the current state of defor
mation. The average means ϕ(C) = V0−1 V ∗
0

4ε[(σ/L C)12 − (σ/L C)6 ] DV d V in the case of
the Lennard-Jones potential, where the tensorial norm
designates stretch in the bond direction; DV is the volumetric bond density function; and V0∗ is the integration
volume defined by the range of influence of ϕ; and V0
is the reference representative volume.
It is important to realize that not all bonds between
the material particles are of equal importance in (3) but
bonds presenting the weakest links control failure.
Analogously to (2), we can find the energy limiter,
, increasing the deformation unlimitedly
 = ψ(C → ∞) = − ϕ0 = constant.

(4)

To motivate the introduction of energy limiters we
briefly describe the continuum-atomistic link. A more
detailed exposition of the issue can be found in Volokh
(2008), for example.
Interaction of two particles (atoms, molecules, etc)
can be described as follows

Thus, the average bond energy sets a limit for the
energy accumulation. This conclusion generally does
not depend on the choice of the particle potential and
it is valid for any interaction that includes a possible
particle separation.
Contrary to the conclusion above traditional hyperelastic models of materials do not include the energy
limiter. The stored energy of hyperelastic materials is
defined as

ψ(F) = ϕ(F) − ϕ0 , ϕ0 = min ϕ(F = 1).

ψ = W.

2 Elasticity with energy limiters

L

(1)

Here ψ is the particle interaction potential; F is the
one-dimensional deformation gradient which maps the
distance between particles from the reference, L, to
the current, l, state: l = F L. To be specific we
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(5)

Here W is used for the strain energy of the intact
material, which can be characterized by the following
‘growth conditions’
C → ∞ ⇒ ψ = W → ∞,

(6)
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where . . . is a tensorial norm.1
In other words, the increasing strain increases the
accumulated energy unlimitedly. Evidently, the consideration of only intact materials is restrictive and
unphysical. The energy increase of a real material
should be limited as it was shown above,
C → ∞ ⇒ ψ →  = constant,

(7)

where the average bond energy, = constant, can be
called the material failure energy.
Equation (7) presents the fundamental idea of introducing a limiter for the strain energy in the elasticity
theory. Such a limiter induces material softening, indicating material failure, automatically. The choice of the
limited stored energy expression should generally be
material/problem-specific. Nonetheless, a general (or
“try first”) formula (Volokh 2007) can be introduced to
enrich the already existing models of intact materials
with the failure description
ψ(W ) = {1 − exp(−W/)}.

(8)

Where ψ(W = 0) = 0 and ψ(W = ∞) = .
Formula (8) obeys condition C → ∞ ⇒
ψ(W (C)) →  and, in the case of the intact material
behavior, W << , we have ψ(W ) ≈ W preserving
the features of the intact material.

3 Yeoh model of natural rubber enhanced
with a failure description
It is evident from examples reviewed in Volokh (2008)
that formula (8) is useful for a description of smooth
failure with a flat limit point on the stress-strain curve
which corresponds to a gradual process of the bond
rupture. The gradual rupture is typical of some soft
biological tissues. In the case of more abrupt bond ruptures typical of rubbers, however, a much sharper transition to the material instability occurs. To describe sharp
transitions to failure the following universal formula
for the strain energy density was proposed by Volokh
(2010)

 


1
1 Wm

,
(9)
Γ
, 0 −Γ
, m
ψ=
m
m
m 
where the upper
 ∞ incomplete gamma function is used
Γ (s, x) = x t s−1 exp(−t)dt.
1

We do not specify the tensorial norm intentionally because
various norms can be used.

Fig. 1 Cauchy stress ( MPa) versus stretch in uniaxial tension.
Blue dashed line designates intact Yeoh model. Red lines designate Yeoh model with energy limiters for varying m

Differentiating the modified strain energy with
respect to the right Cauchy-Green tensor we get the
following constitutive equation for the Cauchy stress
∂ψ T
F
∂C
∂W T
Wm
F exp(− m ).
= 2(det F)−1 F
(10)
∂C

The new material parameter m controls the sharpness of
the transition to material instability on the stress strain
curve. Increasing m it is possible to simulate the catastrophic rupture of the internal bonds. In the case of
m = 1 we reproduce (8). We should mention that the
limiting value of the failure energy is  Γ (1/m, 0)/m
and it reduces to  for m = 1.
We apply (10) to the Yeoh (1990) model of natural
rubber calibrated by Hamdi et al. (2006)

σ = 2(det F)−1 F

W = C10 (I1 − 3) + C20 (I1 − 3)2 + C30 (I1 − 3)3 ,
det F = 1,

(11)

where I1 = trC and C10 = 0.298 MPa, C20 =
0.014 MPa, C30 = 0.00016 MPa.
In order to fit the constants controlling failure, 
and m, the critical failure stretch λcr = 7.12 found
by Hamdi et al. (2006) in uniaxial tension tests was
used. Based on this data Volokh (2010) introduced the
following modified Yeoh models (Fig. 1) with varying
parameter m = 1, 10, 50

 


1
1 Wm
m
,
(12)
Γ
, 0 −Γ
, m
ψm =
m
m
m m
where  N R1 = 58.6 MPa,  N R10 = 79.9 MPa, and
 N R50 = 69.27 MPa.
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where B = FFT is the left Cauchy-Green deformation
tensor, or


β
2
1 + √ (C10 + 2C20 (I1 − 3)
σ = 2 I3 α −
I3
I3


Wm
(16)
+3C30 I1 − 3)2 B exp − m .
m
Substituting (16) in (14) we get

Fig. 2 Critical failure stretches in biaxial tension

It is remarkable that models with large parameter m
depart from the stress-strain curve of the intact material much later than models with small m. Moreover,
the models with large m correspond to steep failure of
material bonds which is reasonable for rubber.
It is interesting to compare the critical failure
stretches predicted by (12) with the experimental
results reported by Hamdi et al. (2006) in biaxial tension tests—Fig. 2.
The comparison is very encouraging, especially, taking into account that the biaxial data was not used for
the calibration of the theory.

4 Finite element simulations
We implement the described analytical model with the
help of the user-defined subroutine VUMAT within
ABAQUS (2008) finite element software. To account
for the incompressibility of the natural rubber we
slightly modify the theoretical model penalizing volumetric changes as follows
ψ̂m = ψm + α(I3 − 1) − β ln I3 ,

(13)

where I3 = det C, and α and β are material constants.
The relationship between the material constants is
established by using condition of zero residual stresses
σ (F = 1) = 0.
For the considered model we have


∂ ψ̂m
∂ ψ̂m
2
1+
B ,
I3
σ =√
∂ I3
∂ I1
I3
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(14)

(15)

σ = 2(α − β + C10 )1 = 0,

(17)

and, consequently,
β = α + C10 .

(18)

Thus defining α ≈ β >> C10 we enforce incompressibility in computations. Of course, there is a variety of
alternative ways to account for the approximate incompressibility of the material.
Finally, we define the criteria for the element erosion
and deletion as follows
1
m
Γ ( , 0) ≤ Tolerance = 10−2 .
(19)
ψm −
m
m
Deleting the failed elements is necessary in order to prevent from the material healing when a returning wave
of deformation can restore the failed elements. The
element ‘killing’ or removing procedure is an integral
part of the commercial finite element software dealing
with the failure simulations. Usually, the elements are
removed forcefully when a criterion of the removal is
obeyed. In our case, however, contrary to the widespread finite element technologies there is no need to
kill the elements—they die on their own—and it is only
necessary remove the failed elements.
First, we simulate 3D impact and penetration of a
projectile on the edge of a plate fixed at its bottom and
top—Fig. 3.
The projectile is elastic with mass density, ρ =
7.85 g/cm3 ; elasticity modulus, E = 207, 000 MPa;
Poisson ratio, ν = 0.3; and its circle edge as shown in
Fig. 4.
Since the plate is thin, the failed material is not
stored and there is no need to consider its hydrostatic resistance. The rubber sheet has mass density
ρ = 0.98 g/cm3 and the elastic constants: C10 =
50 · 0.298 MPa, C20 = 50 · 0.014 MPa, C30 =
50 · 0.00016 MPa, α = β = 5, 000 MPa,  N R10
= 79.9 MPa, m = 10. We scaled the stiffness coefficients derived from the statical tests by factor of 50 in
order to mimic some dynamic stiffening.2
2 Unfortunately, we are unaware of the experimental data on
the dynamic stiffening of rubber and we use the scaling factor
voluntarily.
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v = 200 m/sec

100 mm

100 mm
10 mm
Fig. 3 Low-velocity penetration of a projectile into a rubber
plate
30 mm

10 mm

5 mm

15 mm

Fig. 4 Elastic projectile

Two series of impact simulations with meshes of
43, 200 = 60 × 60 × 12 and 102, 400 = 80 × 80 × 16
eight-node brick elements at the velocity of 200 m/s are
shown in Fig. 5.
The failure develops as follows. The projectile penetrates the plate destroying rubber elements ahead of
it. The dipper is the penetration the more elements of
the plate are destroyed. The time evolution of the volume of the eroded elements is presented in Fig. 5a
and c and it reflects two stages of failure. At the first
stage—up to 0.8 ms—the projectile cuts the plate. At
the second stage—up to 1.8–1.9 ms—the failure proceeds for some time without the impact of the projectile
because of the interaction of the reflected deformation
waves. After 1.8–1.9 ms the graph becomes horizontal,
i.e. there is no further element erosion. Figure 5b shows
that the projectile propagates by destroying a rubber
layer of the thickness of two finite elements. In other
words, the projectile propagates a crack ahead of it. The
reasons for such behavior, in our opinion, are the following: (1) the material is soft and it can undergo large
deformations; (2) the projectile is relatively sharp; (3)
the velocity of the penetration is relatively low. Essentially, the observed failure propagation is analogous to

cutting a rubber sheet with the help of scissors which
also creates a crack that does not propagate on its own
and requires a constant ‘support’ from the scissors. An
important observation is that failure tends to localize in
a thin band and, consequently the calculations exhibit
the ‘pathological’ mesh-sensitivity. Indeed, the smaller
are the elements the thinner is the band. The latter is
reflected in Fig. 5c where the energy dissipation is
smaller for the finer mesh.
Next, we simulate 3D impact and penetration of
another projectile—Fig. 6.
All material parameters remain the same as in the
previous simulation. The main differences with the previous simulation are the high velocity of the projectile and its flat contact surface. Three series of impact
simulations with meshes of 30, 240 = 60 × 42 × 12,
48, 020 = 70 × 49 × 14, and 71, 680 = 80 × 56 × 16
eight-node brick elements at the velocity of 1500 m/s
are shown in Fig. 7.
Similar to the previous simulation, the evolution
of the volume of the eroded elements reflects two
stages of failure. At the first stage—up to 0.05 ms—
the projectile cuts the plate. At the second stage—up to
0.1–0.15 ms—the failure proceeds for some time
because of the interaction of the reflected deformation
waves. After 0.1–0.15 ms the graph becomes horizontal, i.e. there is no further element erosion. Contrary
to the previous simulation, however, Fig. 7b shows
that the projectile propagates by massively destroying
finite elements ahead of the cutting edge. There is no
evidence of the failure localization into thin bands.
Since failure does not localize there is no expectation
of the ‘pathological’ mesh-sensitivity. Indeed, up to
time 0.05 ms the energy dissipation is practically not
affected by the size of the mesh. Some difference
between the different meshes appears in the energy dissipation after the cutting is accomplished. The latter can
probably be a result of the excessive distortion of finite
elements though the ABAQUS indicator of the element
distortion did not alarm in these simulations. The fact
that in the absence of the failure localization the results
converge with the mesh refinement has also been
observed in the simulation of the impact and penetration in brittle materials by Trapper and Volokh (2010).
Remark 4.1 The presented algorithm does not preserve
mass. Evidently, the weight of two cut pieces of the
plate after penetration is smaller than the weight of the
intact plate before penetration. It seems reasonable that
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Fig. 5 Projectile
penetration at the speed of
200 m/s: a projectile
propagation at 0.2, 0.4, 0.6,
and 0.8 ms, b eroded
elements at 0.2, 0.4, 0.6, and
0.8 ms, c relative eroded
volume (dissipated energy)
for various finite element
meshes

(a)

0.2 ms

0.4 ms

0.6 ms

0.8 ms

(b)

0.2 ms

(c)

0.4 ms

0.8 ms

0.04
60x60x12
80x80x16

0.035

Eroded volume

0.6 ms

0.03
0.025
0.02
0.015
0.01
0.005
0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

time [ms]
v = 1500 m/sec

is stored: the overall mass of the intact and crashed
material should be conserved. The later situation takes
place when soil is penetrated.

30 mm
100 mm

20 mm
30 mm

70 mm
10 mm

Fig. 6 High-velocity penetration of a projectile into a rubber
plate

mass is not preserved in the considered example where
the crashed material is free to leave the plate. However, the algorithm must be modified when the projectile penetrates a massive body where crashed material
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5 Concluding remarks
Hyperelastic models of rubberlike solids allow accumulating strain energy unlimitedly. The latter is unphysical and the possibility of material failure should be
included in the theoretical description. A way to
describe failure is to introduce energy limiters in the
expression of the strain energy. This idea is essentially
an extension of the description of two-particle separation to large amounts of particles—continuum. The
methods of elasticity with energy limiters are dramatically simpler than the existing methods of CDM, for
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Fig. 7 Projectile
penetration at the speed of
1,500 m/s: a projectile
propagation at 0.02, 0.04,
and 0.06 ms, b eroded
elements at 0.02, 0.04, and
0.06 ms, c relative eroded
volume (dissipated energy)
for various finite element
meshes
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(a)

0.02 ms

0.04 ms

0.06 ms

(b)

0.02 ms

0.04 ms

0.06 ms

(c) 0.35

Eroded volume

0.3
0.25
0.2
0.15
0.1
60x42x12
70x49x14
80x56x16

0.05
0

0

0.02 0.04 0.06 0.08 0.1

0.12 0.14 0.16 0.18 0.2

time [ms]

example, that are traditionally used for modeling bulk
failure—Table 1.
It should not be missed, however, that the elasticity with energy limiters is not a universal substitute for
CDM. Materials exhibiting essential inelastic deformations are beyond the scope of the methods of energy
limiters.

We used the Yeoh hyperelastic model enhanced with
the energy limiters to simulate the low- and highvelocity penetration of a stiff elastic projectile into a
thin plate made out of natural rubber. This is probably
the first reported 3D simulation of the dynamic failure
of rubber during the high-velocity penetration though
simulations of the dynamic fracture of rubber can be
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Table 1 Comparison of
continuum damage
mechanics and the methods
of energy limiters
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Damage internal
variables

Damage evolution
equation

Damage mechanics

Yes

Yes

Yes

Energy limiters

No

No

No

found in Marder (2006). We observed that in the case
of the relatively slow penetration of a relatively sharp
projectile the material failure localizes in a thin band—
crack-like failure. This failure mode exhibits ‘pathological’ mesh-sensitivity and requires regularization.
It is also interesting that there is a quite long period
after the full cut of the plate when the failure process
proceeds due to the reflecting deformation waves—the
post-cut failure. We also observed that in the case of the
high-velocity penetration of a flat projectile the material failure is massive and it does not tend to localize
in thin cracks. This type of failure is described reasonably well by the proposed model. It does not exhibit the
‘pathological’ mesh-sensitivity and it does not require
the special regularization procedures. We also observed
that in the case of the high-velocity impact the post-cut
failure was small.
Of course, even in the absence of sharp localizations
or in the cases where such localizations are directly
enforced in analysis high strain gradients and the bifurcation multiplicity are two main sources of mesh-sensitivity. The necessity to treat high strain gradients by
refining the mesh is not specific of the material models
with softening—this is the central issue of the finite element analysis as a whole. The bifurcation multiplicity
is more typical of the models with softening. It is worth
noting that both bulk and surface (cohesive zone) models can suffer from the bifurcation multiplicity. The
latter may trigger some uncertainty, i.e. mesh dependency, of numerical simulations. It seems reasonable
to assume that the numerical uncertainty reflects the
real physical uncertainty of the problem of material
failure. Unfortunately, one can regularize mathematics
not physics.
Finally, we should make some remarks on the failure modes. People often mean cracks when they think
about failure. That is not always true because there
are two possible modes of failure: volumetric failure
or massive crash and surface failure or crack. The
same solid can exhibit different failure modes under
different loads. Consider, for example a piece of ice
hitting a glass window. If the ice is hand-thrown then
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Damage threshold
condition

typically the window splits into pieces separated by
running cracks. If the ice is shot at high speed then it
can drill an accurate hole in the glass without propagating cracks and destroying the entire window. The
simulations presented in our work also give an illustration of two failure modes. The question is whether the
different failure modes can be described by the same
analytical and computational methods or whether the
different methods (Song et al. 2008) can describe the
same failure modes. The positive answer is desirable
yet not evident. The problem is that the methods based
on the description of surface failure tend to prescribe
the crack mode in advance while the methods based on
the description of bulk crash cannot handle sharp localizations of failure. Moreover, the situation is worsening
by the fact that we are not necessarily able to predict the
physical mode of failure in advance in order to choose
a suitable theoretical and computational description.
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